THE NUMBER OF SOLUTIONS OF CERTAIN
CUBIC CONGRUENCES ECKFORD COHEN l Introduction. In this paper we shall be concerned with cubic congruences of the form (1.1) n=a γ x\Λ -ha s ocξ (mod m),
where n is arbitrary, m^>l, and the a. t are integers prime to m. The number of sets of solutions (x l9 •••, x s ) of (1.1), distinct modulo m, will be denoted by N s (n, m) . Our discussion of N 8 (n, m) is limited to the cases s=2 and s=3; however, we emphasize that the method involved can be extended to arbitrary s.
Suppose that m has the factorization m=p^, , pft as a product of powers of distinct primes p l9 •••, p ι . Then it follows easily that (1.2) N 8 (n, m) =NJn, pϊή . N£n, pi 1 ).
Thus the determination of N s (n, m) reduces to the problem of determining N s (n, p λ ) where p is a prime. We accordingly limit ourselves to the case of a prime-power modulus p λ . If we denote by t the largest integer <Lλ such that n=0 (mod?/), then one may write (1.3) n=p^, (ξ, p)=l, 0<,t^Λ.
We observe, in case λ>t, that ξ is uniquely determined (modp). Our main goal will be to obtain exact formulas for the number of solutions v\ t)=N> 2 of
and the number of solutions Na(n, p λ , t)=N 9 of (1.5)
where n is arbitrary of the form (1.3) , and the following conditions are satisfied:
The restriction p=l (mod 3) is natural, since other primes are special in the case of cubic congruences. The method of the paper is based on elementary properties of Received March 5, 1954 . This paper is based on research completed when the author was a member of the Institute for Advanced Study.
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ECKFORD COHEN finite exponential sums. These are listed for the cubic case as preliminary lemmas in §2. The principal formula for N 2 is contained in Theorem 1 ( §3) and the corresponding result for N 3 in Theorem 2 ( §4). Both results involve the pair of integers (A, B), determined uniquely by the relations [7] , (1.7) 4p=A 2 + 27B\ A=l (mod 3), 5>0.
However, in the special case tφO (mod 3), the value of iV 2 is given explicity ( § 3, Corollary 2). On the basis of these formulas, solvability criteria for (1.4) and (1.5) (For the exceptional case p=7, see the complete statement of the criterion in Theorem 6). Approximations to iV 2 and N-ά are also given in § 5 (Theorems 3 and 4, respectively).
Regarding previous research on cubic congruences, we note the work of Gauss who evaluated JV 2 in the case of a prime modulus p [4] . More recently, Dickson determined N 3 for a prime modulus, with α=6=c=l [3, p. 167] . In addition, Skolem [9] and Selmer [8] have considered such congruences in their treatment of cubic Diophantine equations. Some of these results were deduced by the author in an earlier note anticipating the present paper [2].
2 Notation and preliminary lemmas.
The cubic Gauss sum
where the summation is over a complete residue system (mod m), and e is defined for integral a, by
Expansion of N s (n, m) into a Fourier sum [1, §5] reveals immediately the relation between N 8 (n, m) and the Gauss sum (2.1):
LEMMA 1. The number of solutions of (1.1) is given by
We next note two reduction formulas for G [6] .
Closely related to G(n, p k ) are the two Gauss-Kummer sums defined by
where #(^) and # 2 (v) denote the two non-principal cubic characters (modp), the summation being over a reduced residue system (mod?/). In order to differentiate between the two non-principal characters, we write
where A and B are defined by (1.7). Then one may define χ(α), for integers a prime to p, to be that cube root of unity satisfying
The relation (2.8) is the cubic extension of the Euler criterion [5, p. 455] . In our discussion, the primitive cube roots of unity will be denoted by ω and ω 2 , with ω=J( -1 + τ/ -3). We place further, With this notation, we state the following reduction formula for τψ ) {n).
The important relation connecting G (v, p), φ) , and φ) is contained in the following lemma. LEMMA 5. If (v, p) 
The sums τ λ {y), r 2 (y) have the following fundamental properties [5] ,
rl=pθ^ τl=pθ 2 , θ ι and 0 2 being defined by (2.7). Corresponding to the principal character (mod p), we have the familiar (Ramanujan) sum, (2.14)
which has the evaluation (>)
Also of importance in this paper are the functions, 
T(a)=J(a).
The following notation will be needed.
where [/?] indicates the largest integer <β; and for i=0, 1, 2,
(otherwise).
THE NUMBER OF SOLUTIONS OF CERTAIN CUBIC CONGRUENCES 881 3* The number of solutions of (1.4) . In this section we use the notation, (3.1) ζ=abξ, where ξ is defined by (1.3), and 
Σ
Application of (2.11) and Lemmas 4 and 6 to U n and Z7 12 gives (3.10)
while Z7 13 becomes, on the basis of (2.12) and (2.15),
Also, using (2.15) and summing, we get
The theorem follows on combining (3.6), (3.9) , (3.10), (3.11), and (3.12) . Three main cases of Theorem 1 are distinguished according as, (i) λ>t, t = 0 (mod 3), (ii) Λ>£, tφO (mod 3), or (iii) λ=t (n=0). Corresponding to these cases, one may deduce the following corollaries from (3.3 We will also make use of the following notation :
denoting the complex conjugate of rj τ :
On the basis of the above notation, one may deduce LEMMA 7. (4.
4) J(H)=δ(H).
We now state the main theorem for N 3 (n, p\ t). Proof. As in the proof of Theorem 1, we may express N 3 as a Fourier sum and apply Lemmas 2 and 3 to obtain (4.6) iV s =F 1 +F 2 +F 3 , where , + 1 We are now in a position to establish precise criteria for the solvability of (1.4) and (1.5).
THEOREM 5. The congruence (1.5) has a solution for every integer n.
Proof. To prove this theorem it suffices to show that the lower bounds in (5.3) and (5.4) are positive. This follows immediately in the case of (5.4) . Rewriting the lower bound in (5.3) in the form, and remembering that the minimal values of p, δ{H), and e are p=-Ί , S=-S f and e=0, we see that iy" 3 >0 also in the case Λ>£ΞΞΞO (mod 3). 
Proof. If λytφO
(mod 3), it follows directly from Corollary 2 of §3, that iV 2 = 0 if and only if 3?=-l(χ(α)^χ(δ)). In the remainder of the proof we suppose, therefore, that ;>£ = 0 (mod 3). Now the lower bound in (5.2) is positive in case ΎJ=-1 and also in case ^=2, e>0. In the remaining case {*η=2, e=0), the lower bound is p -2 -2]/p, which is positive if p>7. But if p=7, e=0, η=2, then substitution in (3.13) shows that iV 2 = 0 if and only if χ(ζ) = co'\ which implies that C = ±3 (mod 7).
As a corollary of Theorem 6, we have the following result [8] , [9] :
COROLLARY (Skolem-Selmer). // pγabc, then the congruence Proof. With 2=1, c=-n, Theorem 6 shows that (5.5) has a nontrivial solution (X, Y, 1) unless p=7, χ(α)=χ(δ). In the latter case, however, there exists a solution (X, 1,0), because an integer α is a cubic residue (mod p λ ) if and only if it is a residue (mod p).
